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Abstract 

We study the random walk in random environment on Z"*" = {0, 1, 2, . . .}, where 
the environment is subject to a vanishing (random) perturbation. The two partic- 
ular cases that we consider are: (i) random walk in random environment perturbed 
from Sinai's regime; (ii) simple random walk with random perturbation. We give 
almost sure results on how far the random walker is from the origin, for almost every 
environment. We give both upper and lower almost sure bounds. These bounds are 
of order (logt)^, for /? € (1, oo), depending on the perturbation. In addition, in the 
ergodic cases, we give results on the rate of decay of the stationary distribution. 

Key words and phrases: Random walk in perturbed random environment; logarithmic 
speeds; almost sure behaviour; slow transience. 
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1 Introduction 

The random walk in one- dimensional random environment in Sinai's regime (which we 
describe in detail below) is a famous example of a random walk with 'logarithmic speed': 
after a long time t, the random walk is, roughly speaking, about (logt)^ from the origin. 
In this paper we give other examples of random walks in random environments with 
logarithmic speeds; in these cases the environment is subject to a random perturbation. 

Our results cover both recurrent and transient cases. In the models that we consider, 
the speed is, roughly speaking, of order (logt)'^, where [3 depends upon the model. We 
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shall see that for the models we consider, all (3 G (l,C)o) are attained. Examples of 
logarithmic transience for random walks (such as given in our Theorem [3] below) are 
seemingly rare. The terminology 'speed' is perhaps more natural in the transient case; 
in the recurrent case 'speed' can be thought of as a measure of the rate of growth of the 
upper envelope of the random walk. Before we give our main results, we describe the 
probabilistic setting in which we work. 

Given an infinite sequence oj = {po,Pi,P2, ■ ■ •) such that, for some 6 G (0, 1/2), 6 < 
Pi < 1 — 5 for all i G Z"*" := {0,1,2,...}, we consider {rit{uj);t G Z+) the nearest- 
neighbour random walk on defined as follows. Set = r for some r G Z^, and for 
nGN:={l,2,...}, 

P[r]t+i{uj) = n - l\r]t{uj) = n] = p„, 

P[rit+i{uj) = n + l\r]t{uj) = n] = l-p„=:g„, (1) 

and P[T]t+i{u) = 0\r]t{uj) = 0] = po, P[r]t+i{uj) = l\r]t{uj) = 0] = 1 - po =: ^o- The 
given form for the reflection at the origin ensures aperiodicity, which eases some technical 
complications. 

We call the sequence of jump probabilities u our environment. As an example, the 
case Pi = 1/2 for all i gives the symmetric simple random walk on Z"*' . 

Here, we take uj itself to be random — then T]t{uj) is a random walk in random en- 
vironment (RWRE). More precisely, Po,Pi, ■ ■ ■ will be random variables on a probability 
space (f2,jF, P). We describe our particular model at the end of this section. The RWRE 
was first studied by Kozlov and Solomon [2H] (in the case where Pi, i > form an 
i.i.d. sequence). There has been considerable interest in the RWRE recently; see for ex- 
ample |22] or [30] for surveys. Some authors (e.g. [27]) consider the RWRE with state 
space the whole of Z. For our model we take the case of Z"*", which gives rise to a richer 
set of models in the sense that we can obtain positive-recurrent behaviour. 

An important case in which the random environment is homogeneous and in some sense 
critical is the so-called Sinai's regime. Here {po,Pi,P2, . . .) is a sequence of i.i.d. random 
variables satisfying the condition E[log(pi/gi)] = 0, where E is expectation under P. In 
this result dating back to Solomon [28] says that rit{uj) is null-recurrent for P- 

almost every u. Solomon's result shows that Sinai's regime is critical in the sense that, 
for an i.i.d. random environment, r]t{uj) is respectively ergodic (that is positive- recurrent, 
here) or transient as E[log(pi/gi)] > or E[log(pi/gi)] < 0. 

A notable property of the RWRE in Sinai's regime is its speed — roughly speaking 
rit{uj) is of order (logt)^ for large t. One way to state this more precisely (for another, 
see the discussion in Section 12.31) is in terms of 'almost sure' behaviour, i.e. results that 
hold P-almost surely (a.s.) for P-almost every (a.e.) u. (For the remainder of this paper, 
we omit the P and P when the context is clear.) This is the kind of result we give in 
the present paper. In Sinai's regime for the RWRE on Z+, almost sure upper and lower 
bounds were given by Deheuvels and Revesz ([4j, Theorem 4 in particular). A similar 
upper bound result was given by Comets, Menshikov and Popov (see [T|, Theorem 3.2), 
proved via a martingale technique related to some of the ideas in the present paper. Sharp 
results are given by Hu and Shi in [13]. In particular, the following iterated logarithm 
result follows from Theorem 1.3 of 

Theorem 1 JT^l / Suppose that (po,Pi,P2, • • •) is an i.i.d. sequence with E[log(pi/gi)] = 
and Var(pi) > 0. Then there exists a constant K G (0, oo) (given explicitly in fl4^ ) such 
that, for a.e. u, a.s., for any e > 0, 
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(i) for all but finitely many t 



(logt) 



2 < (1 + e)-^' log log log t; 



(a) for infinitely many t 



(logt) 



2 > (1 - e)-^' log log log t. 



Note that 'a.e. a;' is short for 'P-almost every environment uj\ and 'a.s.' is short for 'P- 
almost surely'. We use this shorthand in the statements of all our results. Our methods 
do not enable our results to be as sharp as those in [H]; the best that we obtain in Sinai's 
regime is included in Theorem H] below. However, we obtain a much wider array of results. 

We remark that a range of polynomial speeds can be attained in certain transient 
homogeneous random environment regimes (see e.g. [16]). In this paper we are interested 
primarily in logarithmic speed results like Theorem [1], for random environments that are 
asymptotically homogeneous. Our main results are almost sure upper bounds for rit{uj) 
that are valid for a.e. uj and all but finitely many t, and almost sure lower bounds for 
rit{uj) that are valid for a.e. u either for all but finitely many t (if rit{uj) is transient, see 
e.g. Theorem [3]) or for infinitely many t (if rit{uj) is recurrent, see e.g. Theorem [2]). These 
bounds are all of size (logt)^, for some /? G (l,C)o) that is a function of a (the size of 
the perturbation), depending on the model in question, with higher order logarithmic 
corrections. 

We study two particular cases of random environment. In the first, our environment 
will be a perturbation of the i.i.d. environment of Sinai's regime (see Section [?!Ti) . In the 
second, our environment will be a random perturbation of the simple symmetric random 
walk (see Section [2^21) . By studying a range of perturbations, we obtain a spectrum of 
possible behaviour. 

The related paper [21] employs the method of Lyapunov functions (see [6]) to give 
qualitative characteristics for these models (amongst somewhat more general results): 
specifically, criteria for recurrence, transience and positive-recurrence (ergodicity, here). 
In the present paper we are concerned with corresponding quantitative behaviour: specif- 
ically, speeds (for those cases with logarithmic speed) and, secondarily, the rates of decay 
of the stationary distribution in the ergodic cases identified in [21]. We summarize the 
relevant results from [21] at convenient points in Section [2] below. 

The proofs of the main results in the present paper proceeds by relating the position 
of the random walk to some expected hitting times. The latter are analyzed (over all 
environments) using estimates for sums of independent random variables; this relies on 
(mostly well-known) strong limit theorems. 

We now give a formal description of the RWRE model that we study here. Fix 
5 G (0, 1/2). Let (^j, Yi), i E N, be a sequence of i.i.d. random vectors on some probability 
space (f2,jF, P), such that 



and Yi takes values in [—1,1]. The condition ([2]) is sometimes referred to as uniform 
ellipticity. Note that we allow Yi and to be dependent. 



P[5 < 6 < 1 - <5] = 1, 



(2) 
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We fix a > 0. For a particular realization of the sequence {C,i,Yi), i G N, we define 
Po = ?o = 1/2 and the quantities p„ and g„, n = 1, 2, 3, ... as follows: 

if (5/2) < a + Ynn-'' < 1 - (6/2) 
Pn := { 5/2 if en + < (5/2) 

if ^n + Ynn-^>l-{6/2) 

(3) 

A particular realization of (p„; n G N) specifies our random environment u, and is given 
in terms of the C,i and 1^ as in ([3]). For a given environment u, the stochastic process 
{rjt{uj)]t G Z+) as defined at ([1]) is an irreducible, aperiodic Markov chain (under P); the 
probability measure P in ([T]) is known as the quenched measure (the measure given a fixed 
environment a;). 

Under condition ([2]), we have that there exists G N such that, for a.e. cj, (5/2) < 
in + ^n^~° < 1 — (5/2) for all n > uq (since the are bounded). Thus, for all n > no, 
([3]) implies that, for a.e. u, 

Pn = in + ynn'" , g„ = 1 - - F„n"", {u > Uq) . 

The conditions on the variables in ([3]) ensure that, for a.e. u, (5/2) < Pn ^ 1 — (5/2) 
for all n so that p„ and g„ are true probabilities bounded strictly away from and 1, as 
required by our condition on u given just before ([T]). 

2 Main results 

In this section we describe in detail two particular cases of the model formulated in the 
previous section, along with our main results in each case. Then in Section 12.31 we make 
further remarks and state some open problems. 

2.1 Perturbation of random walk in random environment in 
Sinai's regime 

Now we describe our first particular case of the model given in Section [TJ For n G N set 

With E denoting expectation under P, suppose that E[Ci] = and Var[Ci] > (so our 
environment is truly random). In order to formulate our results, we introduce some more 
notation. Set 

A:=E[Zi], (5) 

and also let 

s2:=Var[ei], := Var[ri]. (6) 

Under our boundedness conditions on and Yi, we have s"^ < oo and < oo, and under 
condition ([2]) we have, P-a.s., 

-1 1 
-oo < < Zi < — < oo. 

0^ 0^ 
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This model was introduced in ^T] in somewhat more generahty, and criteria for tran- 
sience, recurrence and ergodicity given (see Theorems 6, 7 of t21j). In this case, the 
random environment described in ([3]) corresponds to a perturbation of Sinai's regime, in 
the sense that, in the hmit as n — > oo, we have E[log(p„/g„)] 0. Despite this, the 
behaviour of this model may be strikingly different to that of Sinai's RWRE (as demon- 
strated by our results below and also those in [2T|), and depends on the sign of A as defined 
at ([5]) (the average direction of the perturbation), and a (the size of the perturbation). 

For the following results, with the definitions at (jl]) and (Q, we take > 0, ^[d] = 0, 
and 0"^ > (so, for example, we permit the case F[Yi = b] = 1 for some b G [—1, 1], i.e. a 
non-random perturbation of Sinai's RWRE). Of separate interest are the cases A = and 
A 7^ (where A is given by ([5])). The case of most interest to us here is A 7^ 0, for which 
the perturbation is on average either towards (A > 0) or away from (A < 0); this 
includes the case of a non-random perturbation of Sinai's RWRE. It was shown in [21] 
that the critical size of the perturbation is a = 1/2: for a < 1/2 the perturbation is large 
enough to disturb the null-recurrent behaviour; for a > 1/2 it is too small. By Theorem 
6 of [21], we have that if A < and a < 1/2 then r]t{uj) is transient for a.e. cj; if a > 1/2 
and A 7^ then rjt^uj) is null-recurrent for a.e. tu; if A > and a < 1/2 then rit{uj) is 
ergodic for a.e. u. 

We obtain logarithmic speeds for the A 7^ case, for the null-recurrent (Theorem 
12]), transient (Theorem [3]), and ergodic (Theorem [5]) regimes. In the case A = 0, the 
critical exponent for a of 1/2 is decreased, depending on certain higher order analogues 
of A (see the remark after Theorem 7 of [2T]). Here, of the A = cases, we will only 

be concerned (see Theorem HI below) with the special case where Yi/^ = — Yi/(1 — ,^1), 
for which A = and rit{u)) is null-recurrent for a.e. u for any a > (see |2I], Theorem 

5). (Here and subsequently = stands for equality in distribution.) This case is of interest 
because, despite the presence of a (potentially strong) perturbation, the random walk 
remains null-recurrent; we show it has logarithmic speed. 

Our first result is Theorem [2] below, which deals with the A7^0,q;>1/2 case, for 
which r]t{uj) is null-recurrent for a.e. u (see above). Recall the definitions of A, and cx^ 
from ([5]) and ([6]). 

Theorem 2 Suppose E[(i] = 0, G (0, 00), A 7^ and G [0, 00). 
(i) Suppose a > 1/2. Then, for a.e. oj, for any e > Q we have, a.s., 

o<7;^<(loglog^)^-^^ (7) 

(logt)^ 

for all hut finitely many t. 
(a) Suppose a = 1/2. Then, for a.e. u, for any e > we have, a.s., 

^ < < i^oglogtr^^ (8) 

(logt)^ 

for all but finitely many t. 
(Hi) On the other hand, for a > 1/2, for a.e. uj, for any e > Q we have, a.s., 

^''"'^ > (logloglog^)-l-^ (9) 



(logt)^ 
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for infinitely many t. 



Our next result deals with the transient case when A < and a G (0, 1/2), and gives 
a reasonably tight envelope which the random walk leaves only finitely often. Although 
the random walk is transient, it is very slow: we have a striking example of logarithmic 
transience. 

Theorem 3 Suppose E[Ci] = 0, g (0,oo), A < 0, g [0,oo), and a G (0,1/2). For 
a.e. oj, for any e > we have, a.s., 

(loglogt)-(^/°)- < tt^^^VTm < (loglog^)^'/°^+^ (10) 
(logt)^/" 

for all but finitely many t. 

A case of secondary interest is that in which Yi/^i = — Y'i/(1 — ^i). Here A = 0, and 
further, r]t{uj) is null-recurrent for a.e. u, for any a > (see Theorem 5 of plj). Our next 
result. Theorem m below, deals with this case. 

The condition Yj^i = -Fi/(1 - 6) 

ensures that although the perturbation may be 
strong, (roughly speaking) it balances out overall with equal strength to the left and to 
the right. This intuition is supported by the fact that the random walk remains null- 
recurrent. Also, included is the case P[Y'i = 0] = 1 and cr^ = 0, i.e. Sinai's regime. Thus, 
for our purposes, there is no distinction between the behaviour of the RWRE perturbed 

from Sinai's regime under condition Yi/C,i = —Yi/ (1 ~^i) and that of the RWRE in Sinai's 
regime itself. 

Theorem 4 Suppose E[Ci] = 0, g (0,oo), Fi/^i = -Yi/{1 - ^i), g [0,cx)), and 
a > 0. 

(i) For a.e. uj, for any e > Q we have that, a.s., 

0<7;^<(loglog^)^+^ 
(logt)^ 

for all hut finitely many t. 
(a) On the other hand, for a.e. uj, for any e > we have that, a.s.. 



(logt)^ 

for infinitely many t. 



> (log log log t)~ 



Remarks, (a) In the case of Sinai's regime (P[Yi = 0] = 1, cr^ = 0), Theorem Hl^i) gives 
similar bounds to [H H], but by comparison to Theorem [1] (due to Hu and Shi |14j|), none 
of the bounds in Theorem H] is particularly sharp. 

(b) In the null-recurrent regimes A 7^ 0, a > 1/2 (Theorem [2]) and Yi/^i = —^1/(1 — ^1) 
(TheoremHl) we see that the position of the random walk is essentially of order (logt)^, as 
in Sinai's regime (which is included in Theorem H]). Thus provided we have null-recurrence 
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we have the same speed. On the other hand, in the transient case A < 0, a < 1/2 (Theo- 
rem [3]), the 1/a exponent in the speed of transience is in (2, oo). Thus for a increasingly 
small (i.e. a stronger perturbation), the speed increases (but is still 'slow', i.e. logarithmic). 

In the ergodic situations, in addition to our results on the speed of the random walk, 
in the present paper we also give results on the rate of decay of the stationary distribu- 
tion (tt^), n e Z+, of the Markov chain r]t{uj). Some analogous results for non-random 
environments are given in [20] . Theorems [5] and [6] below deal with the ergodic case when 
A > and a G (0,1/2). 

Theorem 5 Suppose E[Ci] = 0, e (0,oo), A > 0, ^ [0,oo), and a G (0, 1/2). For 
a.e. u), for any £ > 0, a.s., 



r,,{u;)<{l+e)[^] (logt)i/(i-") 



for all hut finitely many t, and 



r^,(co)>il~e){^]'^^' "\logt)i/(i-") 



for infinitely many t. 

For a G (0, 1/2), 1/(1 — a) G (1,2): this is 'slower' than Sinai's regime. 
Theorem 6 Suppose E[Ci] = 0, G (0,oo), A > 0, g [0, oo), and a G (0,1/2). For 



oo 

VTn = exp ) ni-"[l + 0(1)] ) . (11) 

2.2 Simple random walk with random perturbation 

Our second model again fits into the framework of ([3]) above, but we now take P[^i = 
1/2] = 1 and := Var[Y'i] > 0. That is, we have a random perturbation of the symmetric 
simple random walk (SRW). In this case, from ([3]), we have Pq = Qq = 1/2 and for G N 

r i + F„n-" if (6/2) < \ + < 1 - (5/2) 

Pn := < 5/2 if \ + Ynn~^ <{5/2) 

{ 1 - {5/2) if \ + y„n- > 1 - (5/2) 

g„ := l-pn- (12) 

Since the Yn are bounded, we have that there exists tiq G N such that for a.e. uj we have 
{5/2) <\ + YnTl-'' < 1 - {5/2) for all n > uq. Thus, for a.e. implies that for all 

n > riQ 

Pn = ^ + Kn"", gn = ^-F„ra"", {n>no). (13) 

The conditions on the variables in f[T^ ensure that, for a.e. u, {5/2) < Pn ^ ^ — (5/2) 
for all n so that for p„ and g„ are bounded strictly away from and 1. We see that, for 
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a.e. a;, {pniQn) (V^? 1/2) as n — > oo. Thus in the hmit n — >■ oo, we coincide with the 
symmetric SRW on Z+. 

Here we do not study the case Var[Yi] = = 0, in which we have a non-random 
perturbation of the SRW. This is an example of the so-called Lamperti problem after [18] 
(see also [H]); for recurrence/transience criteria see flEl [T9] and Theorem 2 of [21]. From 
now on we assume Var[Yi] = cx^ > 0. 

The transience and recurrence properties of the model given by (fT2l) were analysed 
in [21]. From Theorem 3(iv) of [21], we have that in this case if IE[Yi] < and a < 1 
then r)t{Lv) is transient for a.e. cu; if a > 1 and E[Yi] 7^ then rit{uj) is null-recurrent for 
a.e. uj] if E[Yi] > and a < 1 then i]t{u!) is ergodic for a.e. u. Thus, in contrast to the 
perturbation of the random environment (as in Section 12711) . the critical exponent in this 
case is a = 1. 

When E,[Yi\ = 0, recurrence/transience properties depend on the higher moments of Yi 
(see the remark after Theorem 3 of |21|). Of interest to us in the present paper is the case 

in which the distribution of Yi is symmetric, that is Yi = —Yi (and ]E[Y'i] =0). In this 
case (see Theorem 3(iii) of [21j) rit{uj) is null-recurrent for a.e. u, for any a > 0. In this 
case we obtain our logarithmic behaviour (see Theorem [7]), in the domain a G (0, 1/2). 
We also obtain logarithmic bounds in the ergodic case mentioned above (see Theorem [8]). 

Theorem 7 Suppose P[^i = 1/2] = 1, Fi = -Yi, e (0, 00), a E (0, 1/2). 
(i) For a.e. oj, for any e > 0, a.s., 

for all hut finitely many t. 
(a) On the other hand, for a.e. uj, for any e > 0, a.s., 



(logt)2/(i-2a) 
for infinitely many t. 



> (logloglogt)"(^/(^-'°))-% (15) 



Remark. Note that for a E (0,1/2), 2/(1 — 2a) is in (2, 00). In the limit a | 0, we 
approach Sinai's regime in the sense that, for fixed u and each n, {pn, q-n) — ^ (|+^n, \~Yn) 
where 



E 



log (I^tI^)] = E[log((l/2) + F„)] - E[log((l/2) - F„)] = 



when Yi = — Yi. Thus it is not surprising that in the limit a | 0, Theorem [7] approaches 
Theorem m (which includes Sinai's regime). 

Theorems [8] and [9] below deal with the ergodic case when E[Yi] > and a E (0, 1). 
Note that when a E (0, 1), 1/(1 - a) E (1, 00). 
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Theorem 8 Suppose P[^i = 1/2] = I, EfFi] >Q,a^ e (0,oo), and a G (0, 1). For a.e. uo, 
for any e > Q, a.s., 



r]t{u;) < {1 + e) 



for all but finitely many t, and 



Vt{u;)>{l-e) 



1 — a 

4E[ri] 



1 — a 
AE[Yi] 



1/(1-") 



(logt) 



l/(l-a) 



1/(1-") 



(logt) 



1/(1-") 



/or infinitely many t. 



The next resuh gives the rate of decay of the stationary distribution (7r„): as in 
Theorem [6l the decay is sub-exponential. 

Theorem 9 Suppose P[^i = 1/2] = 1, E[Yi] > 0, G (0, oo), and a G (0, 1). For a.e. u, 

as n oo 



^„ = exp,-,'S^)n^-[l + o(l)]). 



(16) 



2.3 Further remarks and open problems 

Our results give an indication of the 'almost sure' behaviour of rjtiuj), and there is scope for 
tightening our bounds. Also of interest is the so-called annealed behaviour of the RWRE 
(averaged over all environments). Sinai's result |27j for the random walk in i.i.d. random 
environment on Z with E[log(pi/gi)] = showed (roughly speaking) that ?7t(a;) divided 
by (logt)^ converges in distribution to some random variable as t ^ oo. The result is 
stated in terms of the annealed probability measure Q given by 



P[-]dP[cj]. 



Golosov [8] showed that for the RWRE on Z"*" in Sinai's regime 



< u 



Fiu) 



u G 



as t ^ oo, where F is a known distribution function. See also P, [ini [ISl [2j for related 
results. The annealed behaviour of our models is also of interest. In particular, under the 
conditions of Theorem [3] do we have (analogously to the results of Sinai-Golosov [271 18]) 

that as t ^ oo 



< u 



G{u) 



u G 



" L(logt)Vo 

for some G? We do not address this question in the present paper. 

One can obtain U' analogues of our results, with the methods used here (compare 
Theorem 3.2 of [1]). For example, under the conditions of Theorem [21 analogously to ([7]), 
for any p > 1, for any e > 0, for a.e. tu, as t ^ oo 



(logt) 



2+£ 



0, in L'P. 
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The methods of the present paper are well suited to logarithmic speeds, since they are 
based on an analysis of the expected hitting times of the random walk; some standard esti- 
mates using the submartingale property, Markov's inequality and the (first) Borel-Cantelli 
lemma lead to some rather sharp results, since these expected times are exponentially 
large. Of interest would be results for the cases of the SRW with random perturbation 
that are not covered by the theorems of Section 12.21 For example, if Yi = —Yi but 
a > 1/2, we expect SRW-like behaviour. On the other hand, if E[Yi] 7^ 0, we suspect that 
rit{uj) will behave in a similar way to the Lamperti problem mentioned above: roughly 
speaking, we expect SRW-like behaviour for a > 1, while in the transient regime (a < 1 
and ^[Yi] < 0) we have 77t(co') ~ ti/(i+"). Another open problem is the behaviour of this 
model when a = 1 (this case was not covered in [21]). We hope to address some of these 
issues in future work. 



3 Preliminaries 

Before we prove our main results in Section HI we give some preparatory results. First, 
in Section 13.11 we present some technical lemmas concerning the behaviour of sums of 
independent random variables; some are well-known results, others we prove. Then, in 
Section 13.21 we give the main apparatus of our proofs, based on some hitting time results. 



3.1 Some strong theorems for sums of independent random vari- 
ables 

The following result is due to Sakhanenko [231 EH [25] , and is contained in Theorem A* 
of the more readily obtainable paper by Shao 



Lemma 1 Let Xi,X2,... be independent random variables with E[Xi\ = 0, Var[Xj] = 
af G (0,00) for i E N. Suppose that the Xi are uniformly bounded, i.e., for some B G 
(0, 00), P\\Xi\ > fi] = for all i. For n G N, set 



i=l 



Then, there exists (possibly on an enlarged probability space) a sequence of independent 
normal random variables {Wi, . . . , Wn) with E\Wi\ = 0, Vai[Wi] = af for 1 < i < n such 
that a.s., 



i=l 



i=l 



<^log(s^), 



for all but finitely many n, where A G (0, 00) is a constant. 

We will need a form of the Law of the Iterated Logarithm. The following result is a 
consequence of Theorem 7 of [7] . 
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Lemma 2 Let Xi, X2, . . . be independent, uniformly bounded random variables with E[Xi] 
0, Vai[Xf] = af G (0, 00) for i e N. For n eN, set si := ^27=1 ^i- Suppose that s„ 00 
as n ^ 00. Then, for any e > 0, a.s.. 



i=l 



<.„((2+5)loglog(4))l/^ 



for all but finitely many n. 



We will also need the following 'inverse iterated logarithm law' due to Hirsch (Theorem 
2 of [12]; see also Theorem 3.1 of [3j). 

Lemma 3 Let Xi,X2, . . . be i.i.d., uniformly bounded random variables with E[Xi\ = 0, 
Var[Xi] G (0, 00). For x >0, let a{x) > be a nonincreasing function such that x^^'^a{x) 
is eventually increasing and 



E 



n=l 



a(n) 



< 00. 



n 



(17) 



Then, a.s.. 



max y^X,- > n^^'^a(n), 



for all but finitely many n. 



We will also need the following extension of part of Hirsch's result to independent 
non-identically distributed random variables. 

Lemma 4 Let Xi, X2, . . . be independent, uniformly bounded random variables with E[Xi\ 
0, Var[Xj] = af for i G N, where < af < M < 00 for all i. Set si := J27=i ^'i f^i" n eN. 
Suppose that s„ 00 as n ^ 00. For x > 0, let a{x) > be a nonincreasing function 
such that x^^'^a(x) is eventually increasing, (11) holds, and 



\ogn 



0. 



Then, for some constant C G (0, 00), a.s., 

i 

max y Xj > Cs„a(s^), 

l<i<n ' 



(19) 



for all but finitely many n. 



Proof. By Lemma [T], we can redefine the Xj, i G N on a richer probability space along 
with a sequence of independent normal random variables VFi, i G N with = and 

Var[11/j] = af, such that, a.s.. 



<A-Hog{s',)<Clogt, 
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for all but finitely many i, for some A,C & (0, oo). Thus, a.s., 



max > Xj — max > Wj 



< max 

l<i<n 



i=i i=i 



<C\ogn, (20) 



for all but finitely many n. For n G N, set 

h{n) := min{m G N : > n}. (21) 

There exists a standard Brownian motion {B{n);n > 0) and a sequence of independent 
normal random variables 6n ~ A/'(0, s^^^^ — n), n G N, independent of {B{n)] n > 0), such 
that 

h(n) 

5(n) + 5„ = 5^iy„ 

i=l 



for each n G N. Now, 



i h(i) 

max > ly,- > max > Wj = max (B(i) + 5i) 



Hence 



max > l^,- > max Bii) — max (22) 

l<i<h{n) l<i<n l<i<n 

Since Var((5j) = s^^^.^ — « < o\^;^■^ < M < oo, and 5j, i G {1, . . . , n} are independent normal 
random variables, we have that, a.s., 

max bi < logn, (23) 

l<i<n 

for all but finitely many n (this follows from standard tail bounds on the normal distri- 
bution (see e.g. [S], P- 9) and the Borel-Cantelli lemma). Suppose that a(-) satisfies the 
conditions of this lemma. Now, for a sequence Yi, • • • of i.i.d. normal random variables 
with E[Yi] = and Var[Yi] = 1, we have by Lemma [3] that a.s., 

i 

max B(i) = max ^^Y^ > n^/'^ain), (24) 
i=i 

for all but finitely many n. So from (!22l) . (!23l) . ( |24l) and condition (fTSl) . a.s., 

i 

max V > ri^/^a(n) - logn > Cn^/^a(n), (25) 

l<i<h{n) 

for all but finitely many n and some C G (0, 00). Since af > for all i, we have from (12T1) 
that /i(s^) = n; thus by (!20|) and (125|) we have that, a.s., 

i i 

max > max ^ W^^. - Clogn > C'{slY/'a{sl) - Clogn, 

l<i<n ' l<t<n ' 
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for some C,C' G (0, oo), for all but finitely many n. Then by the conditions on and 
a(-), (USD follows. □ 



The next two lemmas will be needed for some more delicate estimates (e.g. in the proof 
of Theorem [3]) where we need to deal with certain moving sums. The following lemma is 
a corollary to a result of Hirsch p[2] . 

Lemma 5 Let Xi, X2, . . . he independent, uniformly hounded random variahles with E[X.-^ ■ 
0, Var[Xj] = 0"^ G (0, 00) for i G N. For x > 1, let b{x) he a nondecreasing , integer-valued 
function such that for some (3 > and Xq G (0, 00), < b{x) < x for all x > Xq. Then 
for any e > 0, a.s., 

i 

max max V > (6(n/2))^/2(logr^)-^-^ 

l<i<n l<j<b{i) ^ — ^ 

k=i—j+l 

for all hut finitely many n. 
Proof. For fixed i, note that 



^ J 

max } Xk = max } Y^, 

l<j<b{i) ^ \<j<hiS) f-' 

k=%—]+\ fe=l 

where Y\^Y2i ■ ■ ■ are independent random variables with = Xj+i.^ for each k. Fix 
£ > 0. Let Ei denote the event 

E, :=\ max V <{h{%)fl\\ogh{i))-^- 
\^<o<Ki) ^^^^^ 

Then Corollary 1 of Hirsch [1^ implies that there are absolute constants C, C G (0, 00) 
such that for all « > xq, 

P\E^ < C(log6«)-i-^ < C'ilogz)-'-^, 

since b{i) > i^. Consider the subsequence z = 2™ for m = 1, 2, . . .. Then 

00 00 

m=l m=l 

Hence by the (first) Borel-Cantelli lemma, a.s., there is a finite mo (with 2™" > xo) such 
that, for all i = 2™ with m > mo. 



max V Xfc > {b{t)y/\\ogb{z))-'-' > {b^)y/^{logtr'-' , 
since b{i) < i. Each n > 2 satisfies n G [2"^, 2"^^^) for some m G N; then, a.s. 



max max } X^ > max max } X^ 

l<i<n l<j<b(i) l<j<2™ l<j<6(j) 

k=i—j+l k=i—j+l 

> max V Xk> (6(2"^))i/2/iog(2™))-i-^, 

l<7<f)(2™) 

fc=2™-j+l 
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provided m > rriQ. Hence, since n > 2™ > n/2, a.s., 



i 

max max >^ Xu > (b(n/2)Y^'^(\ogn 

l<i<nl<j<bii) ^ / JJ V 6 

fc=i— jr' + l 



for all n>2"'°. □ 



Lemma 6 Let Xi, X2, . . . be independent, uniformly bounded random variables with E[Xi 
for all i eN. Then there exists C G (0, 00) such that, a.s., for all but finitely many i 



k=i—j+l 



1/2 



for allj = 1,2, 



Proof. For fixed i, Y- := Yl\=i-j+i -^k is a martingale over j = 1, 2, . . . , i, with uniformly- 
bounded increments. Hence the Azuma-Hoeffding inequality (see e.g. [I3]) implies that 
for some B G (0, 00), for all j = 1, . . . , i, for t > 0, 

P[\Yj\ >t]< 2exp{-B-^j-H^). 

Thus for a suitable C < 00, for j < z, P[|r/| > Cji/2(iog^)i/2] < ^-3_ r^^^^ 



i=i j=i 



i=l 



Hence the (first) Borel-Cantelli lemma implies that, a.s., there are only finitely many pairs 
(ij) (with j < i) for which > Cj^/\\ogiy/\ □ 



3.2 Hitting times results 

For the proofs of our main results, we will use the expected hitting times for the random 
walk rjti^^) as defined at ([I]). For the remainder of this section, we work in the quenched 
setting (i.e. with fixed environment uj = {po,Pi, ■ ■ ■) throughout). For < m < n, let Tm,n 
denote the time when rit{uj) first hits n, starting from m. That is, with the convention 
min = +00, 

Tm,n ■= min{t > : ritiu) = n\r]o{Lj) = m}. (26) 

For our proofs in Section HI we take tiq^u) = r = for ease of exposition; the proofs easily 
extend to general r G Z+. For fixed u, let T(0) := 0, and for n G M let T{n) := i?[ro,n]- 
For i = 0, 1, 2, . . ., write Aj := T{i + 1) — T{i) = E[Ti^i+i], so that Aj is the expected time 
taken for rit{uj) to hit i + 1, starting at i. Then standard arguments yield T{n) = ^"Jg^ Aj 
with Aq = l/go and for i > 1 

A, = 1 +pi(A,_i + A,). 
We then obtain the following classical result. 
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Lemma 7 Let lo be fixed. For n G N, we have that T{n) = Y17=o ^'^^ Z^'" ^ > 0, Aj 
is given ( with the convention that an empty product is 1) by 

= n ^ = i + ^ + ... + ^^^^izi:::^. (27) 

J=U k=t—j+l 

The following fact will be very useful. That is, for a fixed environment, T{rit{(jj)) is a 
submartingale with respect to the natural filtration (for a closely related supermartingale, 
see [1], equation (6)). In particular, we have the following. 

Lemma 8 For fixed lo, any t G and any n G 

E[T{r^,+,{Lo)) - T{r^^{Lo))\r^^{Lo) = n] = l. (28) 

Proof. For n > 1, we have 

E[T{r^^^^{uj))-T{T^M)\TlM = n] 
= pn{T{n - 1) - T(n)) + g„(T(n + 1) - T{n)) 
= g„A„ -p,„A^„_i = 1, 

by (127D. Also, 

E[T(r/,+i(^)) - T(r/,(u;))|r7i(a;) = 0] = 50^(1) = 1, 
since T(l) = Aq = l/qo- D 

We can now state the result that will be our main tool in proving almost sure upper 
and lower bounds for rit{uj), using the expected hitting times T{n). 

Lemma 9 For a given environment uj, suppose that there exist two nonnegative, increas- 
ing, continuous functions g and h such that, 

g{n) < T{n) < h{n), 

for all n G Z+. Then: 

(i) For any e > Q, a.s., for all but finitely many t, 

r^,{u:)<g-\{2tf+^). (29) 

(ii) A.S., for infinitely many t, 

{r],{u)Yh{r],{u)) > t. (30) 

Remark. In the transient case we want to do better (for Theorem [3]) than part (ii) here, 
to give a lower bound for rit{u) that holds all but finitely often. See the proof of Theorem 
[3] below. 

Proof of Lemma [91 Throughout we work in fixed environment u. First we prove part 
(i). From ( l28l) . we have that for any t G 

oo 

E[T{v,^,{u)) - Tivtiuj))] = Y^Pivtioo) = n] = l. 

n=0 
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Then, given that f]o{uj) = 0, for all t G Z"*" we have 

E[Tiv,iuj))] = t. (31) 

To prove (1291) . we modify the idea of the proof of Theorem 3.2 of [Ij. Since T{rit{uj)) is a 
nonnegative submartingale (see Lemma [8]), Doob's submartingale inequality (see e.g. [29], 
p. 137) implies that, for t > 0, for any £ > 0, 



max r(r7,(^)) > t 

0<s<t 



1+e 



< t 



-1-e 



E[Tiv,iu;))] = t- 



(32) 



using (13T1) . Also, given that T{n) > g{n) for all n, we have, for t > 0, 



P 



max T{r]siuj)) > t 

0<s<t 



1+e 



> P 
P 



max 0(77, (^)) > t 

0<s<t 



1+e 



g (^maxr^^iu) ] > t 



1+e 



(33) 



since g is increasing. Hence from (l32l) and (!33|) . for t > 0, 



0<s<t 



< r 



Thus along the subsequence t = 2™ for m = 0, 1, 2, . . ., the (first) Borel-Cantelli lemma 
implies that, a.s., the event in the last display occurs only finitely often, and in particular 
there exists itlq < 00 such that for all m > tuq 

max^Vs{u;)<g-\{2"^Y^n- 

Every t sufficiently large has 2™ < t < 2"^+^ for some m > mo; then, a.s., 
r]t{uj) < maxr/,(cu) < max 7],{uj) < g-\{2"'+^y+') , 



0<s<t 



0<s<2™+i 



for all but finitely many t. Now since 2"^+^ < 2t and g~^ is increasing, (l29ll follows. 

Now we prove part (ii). Recall the definition of ro,n at (l26l) . By Markov's inequality, 
we have that for n eN 



P[ro,„ > n^T{n)] = P[ro,„ > n^E[To,n]] < 



n 



Then, by the (first) Borel-Cantelli lemma, a.s., ro,„ > n'^T{n) for only finitely many n. 
Thus, given that T{n) < h{n) for all n, we have that a.s., for all but finitely many n, 
To,n < n^h{n). 

Given cj, rit{uj) is an irreducible Markov chain on Z"*", hence limsup^^oo //^(co') = +00 
a.s.. Thus a.s. there exists an infinite subsequence of N, ^1,^2,^3, • • • (one can take, for 
each z, tj = rg^i, the time of the first visit of rjt to i), such that rjt^{uj) ^ 00 as z ^ cxd. 
That is, a.s.. 

There are infinitely many such tj, and so we have fl30l) . □ 
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4 Proofs of main results 



To prove our main results, we employ the machinery given in the previous section: we 
obtain, via the results in Section [XTl suitable functions g, h such that g{n) < T{n) < h{n) 
(for a.e. cj), and then apply Lemma [9l 

We consider T(n) as given in Lemma [71 Recalling the definition of Aj at fl27l) . we can 
write (interpreting an empty sum as zero) for z > 

i i 

Ai = ^g,^jexp ^ log(pfc/gfc). (34) 

j=0 k=i—j+l 

The following result gives general bounds on T{n). 
Lemma 10 For a fixed environment u, for all n > 1 



T{n) > exp max V log{pk/qk), (35) 

l<j<n— 1 ' 
k=l 

and for some C G (0, oo), for all n > 1, 

T{n)<Cn^exp\ max y^\og{pk/qk) + max V'(-log(pfc/gfc)) • (36) 

\ k=l k=l / 

Proof. Since a sum of nonnegative terms is bounded below by its largest term, 

1 i 

T(n)=} Ai > max Aj > max max exp > ^og(pk/qk), (37) 

l<i<n-l l<i<n~ll<j<i ^-^ i ^ n 

j=0 A;=i— j+1 

using (IMj) and the fact that g^l*^- > 1. Now for z G N 

i I 

max V log(pfc/gfe) > Vlog(pfc/gfc), (38) 
fc=j— j'+i fc=i 

so that by dTTD and (1551), 

T{n)> max exp max log(pfc/gfe) > max exp ^ log(pfc/gfc), 

l<i<n— 1 l<i<* ■^■^^ l<j<7i— 1 ' 

fc=j— j'+l fc=l 

and the lower bound in the lemma follows. 

For the upper bound, we have from (1511) that 



T(n)<n max Aj < 5 "^n(n + 1) max max exp N log(pfc/Q'fc); (39) 
since g".^^ < with 5 as at Now 



0<iL , . . , 



max V log(pfe/gfc) = V log(pfe/gfe) + max V(- log(pfe/gfc)) 

0<j<i * ^— ' 0<j<t ' ' 

k=i-j+l k=l k=l 

i j 

= y'log(pfc/gfc) + max y'(-log(pfc/gfe)). (40) 

^ ' 0<7<t ' ' 

k=l k=l 
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Thus from ([32]) and (HO]), for C E (0, oo) and all n > 1 
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Tin) < Cn 



exp max log(f>fc/gfc) + max max V'(- log(j9fe/gfe)) . 

\0<i<n-l^-^ 0<i<n-l 0<7<i 



- 0<j< 



Then the upper bound in the lemma follows. □ 

We start with the proof of Theorem [7] for expository purposes. The proof of Theorem 
[7] will then serve as a prototype for subsequent proofs. As previously mentioned, we take 
rio{uj) = for the purposes of the proofs that follow (without loss of generality). 

4.1 Proof of Theorem [7] 

For fixed u, by Lemma [TJ the expected hitting time T{n) is expressed in terms of 
log(p„/g„). To prepare for the proof, we note that under the conditions of Theorem 
nipn and Qn have the same distribution, so 

E[log{pn/qn)] = E[logp„] - E[log qn] = 0. (41) 

By (|T3l) . Taylor's theorem and the boundedness of the F„, for a.e. u, 

logp„ = log(l/2) + log(l + 2K„n-°) 

= log(l/2) + 2r„n-" - 2r>-2a ^ o(n-3"), 

for all n sufficiently large, and 

logg„ = log(l/2) + log(l - 2F„n-") 

= log(l/2) - 2Ynn"^ - 2y;2r^-2" + 0(n-3"), 

so that 

fog(Pn/gn) = logPn - log Qn = 4^,^-" + ©(n-^"). (42) 

Lemma fTTl below gives bounds for the expected hitting time T{n), and so prepares us 
for the proof of Theorem [7] via an application of Lemma [9l 

Lemma 11 Suppose P[^i = 1/2] = 1, Yi = -Yi, e (0,oo), and a G (0,1/2). Then 
for a.e. u, for any e > 0, for all but finitely many n, 

exp(n(^-2")/2(logn)"^(loglogn)"^"^) < T{n) 

< exp(n(^-2°)/2(loglogn)(i/2)+.)_ (43) 

Proof. From dH]), E[log(pfc/gfc)] = and from ^ Var[log(pfc/gfe)] = 16(T2A;-2" + o(fc-2"). 
Hence, for a G (0, 1/2), for all i, 

i 

< Var ^ log(j9fc/g,) < Cs^^"'", (44) 
fc=i 

for some Ci, C2 G (0, 00) with Ci < C2. 
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Now we derive the lower bound in (1431) . By Lemma H] and (jH]) , for an appropriate 
choice of a(-) satisfying the conditions of Lemma HI for a.e. cj, a.s., 

i 

max Vlog(pfc/gfe) > Cn(i-2a)/2^^^i-2a^)^ ^45^ 

l<j<71— 1 ^ 
fc = l 

for all but finitely many n. For £ > 0, we take a{n) = (logr;,)~^(loglogn)^^^^; then a(-) 
satisfies the conditions of Lemma 4. Then ( !35|) and f j45l) imply the lower bound in ( l43l) . 

Now we prove the upper bound in fH3l) . using ( l36l) . By Lemma [2] with (jHj) we have 
that for a.e. u, a.s., for all but finitely many n, 



max y^log(pfc/gfc) < C*^^^ ^"^''^(loglog 

0<j<71— 1 ' 
fc = l 

j 

max V(-log(pfe/gfe)) <Cn(i-2")/2(loglogn)i/2 

Ci<n— 1 ' 



0< 

k=l 



for some C G (0, 00). Thus from (15^ we obtain the upper bound in fH5]) . □ 

Proof of Theorem. First we prove part (i) of Theorem [3 From the lower bound in 
fH3l) . we have that, for a.e. u, there exists a finite positive constant C (depending on u) 
such that, for any e > 0, for all n sufficiently large, 

T{n) > g{n) := Cexp {n^^^^''^^^{\ogn)~\\og\ogn)-^-') . (46) 

So by (12^ . we have that, for a.e. cu, for any e > 0, a.s., 

r^,(c.) < r'(4t') < C((logt)(loglogt)i+^)2/(^-2°), 

for all but finitely many t, which gives (IT^ . Now we prove part (ii). From the upper 
bound in (jUj), we have that, for any e > 0, 

Tin) < h{n) := Cexp(n(i-2")/2(loglogn)(i/2)+-)^ 
so that, for all n sufficiently large, 

h~\n) > C(logn)2/(i-2")(logloglogn)-(i+3^)/(i-2"\ (47) 
From (130|) we have that a.s., for infinitely many t, 

by ([HD. Thus a.s., for infinitely many t, r]t{uj) > h-\Ct{\ogt)-^/^'^-'^°'^), which with (HZD 
yields (dS]). □ 

4.2 Proofs of Theorems [2] and [3] 

To prove Theorems [2] and [31 we proceed along the same lines as the proof of Theorem [7] 
in Section 14.11 and apply Lemma M Theorem [3] (the transient case) requires some extra 
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work, both to obtain suitable bounds for T{n) and to prove that the lower bound on the 
random walk holds all but finitely often. 

Suppose ]E[Ci] = 0, G (0, oo), cx^ G [0, oo). Then for a.e. cu 



for all n > riQ for a finite absolute constant wq, where 0, £ as defined at (jlj) are 
i.i.d. with E[(^i] = and Var[Ci] G (0, oo). It follows from (HHl) and Taylor's theorem that, 
for a.e. cj, for all n sufficiently large, 

log(Pn/gn) = Cn + ^n^~" + 0(r2-2°), (49) 

where i G N, are i.i.d. with E[Zi] = A (see (g]) and (P). Then by (|49D 

E[log(pfc/gfc)] = AA;-" + 0(A;-2"), Var[log(pfc/gfc)] = Var[Ci] + 0(A;-"). (50) 

Lemma 12 Suppose E[Ci] = 0, g (0,oo), G [0, oo), A < 0, anc? a G (0,1/2). For 
a.e. LO and any e > 0, for all but finitely many n, 

exp{n''{\ogn)-^-') < T{n) < exp(n'"(log n)^+^). (51) 
Proof. First we prove the upper bound in flSTl) . Since A < 0, we have from (l50jl that 

i 

E logWg.)<-C(z^-"-(^-jr-'^), (52) 

k=i—j+l 

for some C G (0, oo). Taylor's theorem implies that for a G (0, 1) 

,1- _ (, _ jf~^ = Cji-{1 - e{j/i)r", (53) 

for some C G (0, oo) and 9 G (0, 1). Thus it follows from and ([S3]) that for all i G N, 
and all j = 1, 2, . . . , i 

i 

E log(pfc/g,) < -Cj^-", (54) 

k=i—j+l 

for some C G (0, oo). By Lemma [6] we have that, for some C G (0, oo), for a.e. oj, all but 
finitely many i, and all j = 1, 2, . . . , z, 

i 

Y MPk/qk) - E[log{pk/qk)]) < Cj'/\\ogzy/'. (55) 

k=i—j+l 

Suppose 6 > 0. Then from flSSl) with flMl) . for a.e. cj, for j > [z^"(log z)^+^] 

i 

Y log(PfcM) < -Cj^'" + C'f/\logty/' < -C'jt-", (56) 

k=i—j+l 



20 



and, for j < [2^° (log 2)^+^] 

i 

\og{p,/q,)<Cj^l\\ogiY/\ (57) 

where each inequahty holds for all but finitely many i. So from ( l56ll and ( 1571) we 
obtain, for a.e. tu, for any e > 0, for all but finitely many i. 



ri2"(iogi)i+-n i 

A, < ^ exp(Cj^/2(log^)i/2) + ^M-C'j 

j=0 j=[i2"(logi)i+=] 

< exp(C"^"(log^)^+^), 

for C" G (0, 00). Then the upper bound for T{n) in flSTj) follows. 

We now prove the lower bound in ( 15T1) . For e > set ^^(l) := 1 and for z > 1 define 

A;,(^) := L^'°(logz)-2-^J. (58) 

Then, for any a G (0, 1/2] and all n sufficiently large, from fl37I) . 

j 

T(n) > max max exp > log(»fc/Q'A;)- (59) 

l<i<n-l l<j<fc^(i) 

k=i—j+l 

Then (H8l) and Taylor's theorem imply that there is a constant C G (0, 00) such that, for 
all k, \og{pk/qk) = Ck + Wkk~", where \Wk\ < C. Thus for i G N and j = 1,2, . . . ,i, 

i i i i 

k=i—j+l k=i—j+l k=i—j+l k=i—j+l 

again using Taylor's theorem (cf fl53l) ). Hence by fl59|) 



T(n) > exp max max > Cfc — CkJn)n | . (60) 
By Lemma [5l we have that for any e > 0, for a.e. uj, 

i 

max max V (k > {ke{n/2)Y/\\ogn)-^-^'/^^ > Cn''(\ogny^-'^^'/^\ 

l<i<n-l l<j<ke{i) ^ — ^ 

k=i—j+l 

for all but finitely many n, while ki;{n)n~°' < n"(logn)^^^^. Hence (1601) implies the lower 
bound in (1^ . □ 

Lemma 13 Suppose E[Ci] = 0, G (0, 00), cr^ G [0, 00), and A 7^ 0. 

(i) Suppose a > 1/2. For a.e. uj and any e > 0, for all hut finitely many n, 

exp(ni/2(logn)-^-") < T{n) < e-XY>{n^/'^{\og\ogn)^^/'^'^+'). (61) 
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(ii) Suppose a = 1/2. For a.e. u and any e > 0, for all but finitely many n, 

exp(n^/2(^logn)~2-^) < T{n) < e:>L^{n^''^{\og\ognf^/'^^+'). (62) 

Proof. To prove the upper bounds in fl6T|) and fl62|) . we apply fl36l) . For At^O, a>l/2 
we have from fl50|) that 

i 

5^E[log(pfcM.)] = 0(max{zi-",logz}), 
fc=i 

so that for some C G (0, oo) and all n 

i i 

max y^\og{pk/qk) < max V'(log(pfc/gfc) - IE[log(pfc/gfc)]) + Cmax{n^"°, logn}; (63) 

k=l k=l 

similarly for the second maximum in (136!) . By Lemma [2] and (150!) . for a.e. u;, 
max V(log(pfe/gfe) - E[log(pfc/gfc)]) < (:7n^/2(iQgiQg^^i/2^ 

0<i<n ' 
k=l 

for all but finitely many n, and since a > 1/2, fl63|) then implies that for a.e. a;, 

i 

max y^log(pfc/gfc) < Cra^/^(loglogr2)^/^ 

fc=l 

for all but finitely many n, and similarly for the second maximum in (J36l) . Then (l36i) 
gives the upper bounds in fl6T|) and fl62|) . 

Now we prove the lower bounds in fl6T|) and fl62l) . In the case a > 1/2, 

i i 

max y'log(pA:/gfc) > max V'(log(pfc/gfc) - IE[log(pfc/gfc)]) - Cmax{n^"", logra}, 

l<j<7i— 1 ' l<i<n— 1 ' 

k=l k=l 

by a similar argument to (l63l) . Lemma H] implies that for any e > 0, for a.e. cu, 

i 

max y'(log(pfc/gfc) - E[log(pfc/gfc)]) > ^^/^(logn)"^-^ 
i<«<?i— 1 ' 
fc=i 

for all but finitely many n; then ([3SD implies the lower bound in fl^T]) . Finally, suppose 
a; = 1/2. Once more we define ^^(i) by (158!) . and follow the argument for (160|) . This yields 
the lower bound in (162|) . □ 

Proof of Theorem [31 For the upper bound in fllUj) . the lower bound in 0511) implies 
that, for a.e. u, for any e > there exists C G (0, oo) such that 

T{n) > g{n) := Cexp(n°(logn)-2-^), 

for all n sufficiently large. Then fl29|) gives, for a.e. u;, for any e > 0, a.s., 

^?t(t^) < 9~\^t^) < C(logt)i/"(loglogt)(2+2=)/", 
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for all but finitely many t. Then the upper bound in fllOp follows. 

We now want to obtain the lower bound in ffTOl) . Recalling the proof of Lemma [9]^ii), 
we were able to show that, along a sequence of first hitting times for the random walk, 
these times were not too large. This gave us a lower bound that was valid infinitely often. 
In order to extend this technique to the transient case, and obtain a lower bound valid all 
but finitely often, we show in addition that (roughly speaking), in the present case, the 
time of the last visit of the random walk to a site is not too much greater than the first 
hitting time. 

For fixed u, let denote the probability that the random walk rit{u) hits n in finite 
time, given that it starts at 2n. For n > 1 define 



Standard hitting probability arguments yield = 1, and for n > 1, if M„ < oo, 

oo j 



(64) 



oo J oo J / \ 



j=n k=l j='n k=l 

In the present case (A < 0, a G (0, 1/2)), fl50|) holds. Thus for n, j G N 

j 

Ej2^ogipn+k/qn+k) < -Ci{n + jY"--n'""), (66) 

k=l 

for some C G (0, oo). Here, by Taylor's theorem, for a G (0, 1), 

(n + jy-" - n^-" = Cj{n + 6])-", (67) 
for some C G (0, oo), 9 G (0, 1). In particular, for j > n, (IMl) and (1^ imply 

E^log(p^„+fc/g„+,) < -Cj{j{l + 0))-" < -C'ji-", (68) 

k=l 

for C G (0, oo). Also, by the Azuma-Hoeffding inequality and an argument similar to 
Lemma m we have that, for a.e. u, 



^(log(p„+fc/g„+fc) ~E[\og{pn+k/qn+k)]) < Cj^/^{\og{jn)y 



,1/2 
k=l 

for all but finitely many {n,j). Thus for all {n,j) we have that, for a.e. uj, 



J2 \og{pn+k/qn+k) < Cj'/\\og{3n)fl\ (69) 



k=l 



for some C G (0,oo). However, we have from fl68l) that, for a.e. uo, there are constants 
C, C", C" G (0, oo) such that, for all n G N, and j >n 

J2 log(Pn+fc/gn+fe) < -Cj^-" + C'j'/\\ogjy/' < (70) 

k=l 
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since a e (0, 1/2). Hence, for a.e. uj, from ([M]), and ([70]), for n eN, 

n oo 

M„ < ^exp(Cji/2(log(jn))i/2) + ^exp(-C"ji-") 

<exp(CV/2(logn)i/2) < oo. 
Further, since M„ > 1 for all n, (165|) and (170|) imply, for a.e. u, for all n G N, 

oo 

an < ^exp(-Cj^-") < exp(-C"n^-"), 

j=n 

for some C" G (0, oo). Thus, for a.e. u, ^„a„ < oo. 

The (first) Borel-Cantelli lemma then implies that, for a.e. u, a.s., for only finitely 
many sites n does r]t{u) return to n after visiting 2n. Denoting by £„ the time of the last 
visit of ?7f(a;) to n, we then have that < ro,2n a-s. for all but finitely many n. Suppose 
T{n) < h{n) for all n. Following the proof of Lemma [9](ii), we have that a.s., for all but 
finitely many n, ro,„ < n^h{n). Thus for a.e. uj, a.s., 

C < ro,2n < An^h{2n), (71) 

for all n > Uq for some finite riQ (depending on uj). 

Moreover, since, for a.e. u, rjt{uj) is transient, we have that, for a.e. tu, a.s., 'qtiuj) > uq 
for all t sufficiently large. Hence from ( ITTi) . using the fact that ir]t{uj) > t for all t, we have 
that for a.e. u, a.s., for all but finitely many t, 

t < i^u.) < 4:r]t{uj)^h{2r]t{uj)). 

Then, with the upper bound in (ISTl) . we obtain, for a.e. u, for any e > 0, a.s., 

for all but finitely many t. This implies the lower bound in (ITOl) . □ 

Proof of Theorem [2]. We first prove part (i). Suppose a > 1/2. From the lower bound 
on T{n) in flMl) . for a.e. uj, for any e > 0, 

Tin) > g{n) := C exp{n^/\\ogn)~^-'), 

for all 72 G N. Then (1291) implies the upper bound in ([7]). For part (ii), when a = 1/2, the 
lower bound in (I62p allows us, this time, to take g{n) := Cexp(n^''^(logn)~^"^). Then 
fl29l) gives the upper bound in ([8]). 

For part (iii) of the theorem, for a > 1/2, the upper bound on T{n) in fl6T]) and fl62l) 
implies that for a.e. uj 

T{n) < h{n) := C exp{n^/\loglogn)'^^/^^+'), 

for all but finitely many n; in particular satisfies the lower bound of fj471) with a = 0. 
Then ( 130|) yields the lower bound in ([9]). □ 
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4.3 Proofs of Theorems [5] and [8] 

We now move on to the ergodic cases (Theorems [5] and [8]). Again we start by bounding 
T(n). First we deal with the ergodic case of the random perturbation of the simple 
random walk. 

Lemma 14 Suppose P[^i = 1/2] = 1, EfYi] > 0, ^ (0, oo), and a G (0, 1). Then for 
a.e. uj, as n oo 

T{n) = exp ( + 
\1 — a 

Proof. In this case, (1421) holds. We apply a variation of the argument for Lemma El We 
have that for each i 

i 

Yj:= (log(Pfc/gfc)-E[log(p,/gfc)]) 

k=i—j+l 

is a martingale over j = 1,2, . . . ,i, with increments \YJ — YJ_i\ bounded by 

|log(pi-i+i/gi-i+i)| + \E[\og{pi-j+i/qi-j+i)]\ < C{i- ] + =: c], 
for some C G (0, oo), by fj42|) . Thus for each j < i, for a G (0, 1), 

k=l k=l 

Then for each i and j < i the Azuma-Hoeffding inequality implies that 

mYjl >t]< 2exp{-CtH''-^), 
for alH > 0. Hence for any e > 0, the Borel-Cantelli lemma implies that 

max \Yn< z((i-")/2)+^ 

for all but finitely many i. Also, from (1421) . 

E ^ log(p,/g,) = ^^(^l--(z-jy-) [1 + 0(1)]. 

^ — ^ I — a 

k=i—j+l 

Hence for all i sufficiently large, since e > was arbitrary and a G (0, 1) 

J2 log(p,/g,) = (^1-" jr-°) [1 + 0(1)] + 0(^1-"). (72) 

A;=i— j'+l 

Thus from ( IMl) and ( 1721) . as i — > cxd, 

A. = exp[^^^i-"[l + o(l)]')^exp(-C/-"[l + o(l)]) 



exp( ^^2i-"[l + o(l)] 
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from which the lemma follows. □ 



Proof of Theorem [8]. Once again we apply Lemma O First we prove the lower bound. 
From Lemma [14] we have that for a.e. u;, for all n 

T{n) > g{n) := exp f + o(l)] 



It follows that 



g ^{n 



1 — a 



^1 — a 

1/(1-") 



, , , (iogn)i/(i-"ni + o(i)i. 

Then fl29|) implies that a.s., for all but finitely many t, for any e > 



1 — a 
AE[Yi] 



1/(1-") 



(logt)i/(^~")[l + o(l)], 



and thus we obtain the upper bound in the theorem. On the other hand, Lemma 
implies that for a.e. u, any e > 0, and all n 

T{n) < h{n) := exp + o(l)]^ . 

Then fl3Up implies that, a.s., for infinitely many t, 

t < {r^,{u)fh{r^,{Lo)) < exp f ^S^(r^,(^))i-[1 + o(l)] 

\ 1 — a 

from which the lower bound in the theorem follows. □ 



Now we deal with the ergodic case of the perturbation of Sinai's regime. 

Lemma 15 Suppose E[Ci] = 0, G (0, oo), A > 0, G [0, oo), and a G (0, 1/2). Then 
for a.e. uj, as n ^ oo 

Tin) = exp (^^A_^i-"[i + o(l)]^ . 
Proof. In this case, we have that flSOl) holds (now with A > 0). Thus 

E j2 iog(p.M) = ^(^^-"-(^-jr"") [1+0(1)]. 

k=i—j+l 

Now we can apply Lemma [6] to obtain for a.e. u, for all but finitely many i, 



k=i—j+l 



/2 
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for j = 1,2, . . . ,i. Since a < 1/2 we have that for a.e. a;, as z — > oo 

E Mp.M) = Y^(^'-"-(^-jr-")[i+o(i)]- (73) 

k=i—j+l 



Hence, from (l34l) and (173]), as i oo 



A* = exp ( -^i^-" 



[l + o(l)])Eexp(-C/-"[l + o(l)]) 



1 — a 

= exp (-^^^-"[1 + 0(1)] 
and so the lemma follows. □ 

Proof of Theorem [5l The proof follows in a similar way to the above proof of Theorem 
IHl this time using the bounds in Lemma [15] and applying Lemma [9] once more. □ 

4.4 Proof of Theorem [4] 

We now prove TheoremH] Once more, with the definition of and Z„ at (jlj), we have that 
for a.e. u and n sufficiently large, log(p„/g„) is given by fj48]) . fH9]) . In this case ^[Ci] = 

and Yi/^i = — Fi/(1 — ^i), which implies that E[log(p„/g„)] = for all n sufficiently large. 

Lemma 16 Suppose E[Ci] = 0, e (0,oo), Fi/G = -Fi/(1 - ^i), G [0,oo), and 
a > 0. For a.e. uo, for any e > 0, for all hut finitely many n, 

exp(ni/2QQg^)-i-.) < < exp(n^/2(loglogn)(i/2)+"). (74) 

Proof. We apply Lemma [TOl We have that (149]) and (150]) hold in this case. For the upper 
bound, consider (1361) . By Lemma 12] we have that for a.e. uo, for all but finitely many n. 



max \og{pk/ Qk) < Cn^''^ (log log 



0<i<n-l 

k=\ 



for some C G (0, oo), and similarly for the second maximum in (136]) . Then (136]) implies 
the upper bound in ( 17i]) . For the lower bound, we use ( 135]) . We apply Lemma H] with 
a{x) = (logx)^^^^ to obtain, for a.e. u, for any e > 



max Vlog(pj/gj) > ra^/2(logn) ^ ^ 

l<j<n— 1 ' 
k=l 



for all but finitely many n. With (135]) . the lower bound in (174]) follows. □ 

Proof of Theorem. Again the proof is very similar to that of Theorems 17] and 12] this 
time using Lemma 1T61 and Lemma 19] □ 
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4.5 Proofs of Theorems [6] and [9] 



Finally, we prove the results on the stationary distribution in the ergodic cases given in 
Theorems [6] and [9l Given cj, suppose rit{uj) is ergodic; then there exists a unique stationary 
distribution (ttq, vri, 7r2, . . .). It is straightforward to obtain the result (see, for example. 
Lemma 5 of pT]) that, for a given uj such that i]t{uj) is ergodic, there exists a constant 
C G (0, oo) such that, for all n > 2, 

n / " \ 

TT. = C n - = C exp J] log{qk/pk) . (75) 

fc=i^'= Vfc=i / 

Proof of Theorem [HI Here we have that log(p„/g„) is given by 0491) . with A > 0, 
a G (0, 1/2) and IE[Ci] = 0. In this case the j = i = n case of (175]) implies that 

n n , 

y]log(gfcM) = - J]log(pfcM) = ni-"[l + 0(1)], 

k=l k=l 

as n OO. Then f lTSl) yields ffTTl) . □ 

Proof of Theorem [O]. This time we have that log(p„/g„) is given by (H2|) . where now 
E[Fi] > and a G (0, 1). In this case the j = i = n case of (j72l) implies that 

EMWPfe) = -EMp.'/^.) = -Y^ni-"[i + o(i)], 
fc=i fc=i 



as n ^ oo. Then f l75l) yields f[T6l) . □ 
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